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The Conversion of Numbers from Positional Notation with One Radix
into Positional Notation with Bigger Radix

Afif Mghawish
Department of Computer Science, Al-Zaytoonah University, Jordan

Abstract: The number conversion algorithm from positional notation with one radix mto positional notation
with bigger radix has been presented in this study. The algorithm correctness has been proved. Suggested
algorithm is the most efficient among known ones because the conversion is carried out in m-1 steps where m
1s the number of digits. The number of steps can vary from m-1 up to m (m-1)/2, and calculation at each step 1s
limited to multiplication of two one-digit numbers and subtraction (addition) of the product from the result
received at the previous step (in case of a variant of algorithm with number of steps m (m-1)/2).
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INTRODUCTION

Number conversion algorithms from one positional
system into another have been known since long time ago
(Tguchi et al., 2007, Donald, 1998; Viktorov et al., 1977,
Plauger, 1992). To find a new number conversion
algorithm nowadays is an impossible event. The number
conversion from positional notation with radix & into
decimal has been presented in Croy (1961). Hence this
algorithm has not been modified for conversion of
numbers from positional notation with one arbitrary radix
S into positional notation with bigger arbitrary radix R.
Two radix conversion algorithms have been presented:
the first one is used for mntegers and another one is used
for fractions.

THE MAIN RESULTS

We are given a number (A); = a, 3™ +a, S™ +.. +
a, S '+ a,, which it is necessary to convert into positicnal
notation with radix R, i.e. to find (A), . Let us assume, that
R > 8. The number (A); may be interpreted as another
number (B); =a,R™+a, ,R™ + ... +a R+ a,, that is
presented in positional notation with radix R, which digits
a, (i=1,2, ..., m)are the same as corresponding digits of
(A)g. Therefore, the difference between (B), and (A), is
Br-A(A)x=a,R"S"+a,,(R™-8")+.. . +a,R 5.
Evidently, that the mumber (A); , can be always
interpreted as the number (B); with radix R, because its
digits a; do not exceed R — 1.

The algorithm that converts the integer A from
positional notation with radix 3 into positional notation
with radix R is presented below:

Algorithm 1: Integer numbers conversion.

1. Find
(Bp—-a,R-SR™=a"R"+a_ R='4+a OR=™+  +
aR'+a,

2. Find
(B)"-(a,"R +a,,")(R-3)R “*=a,"R"+a,, R™ +a,,
R=*+. . . +aR'+a,

m. Find
(B)R(m—l)_ (am(m-ljR m am.1(m_1)R m-1 + a.m_z(m—lj]E{ m -2 +. 4+
a9 (R-8)=

=a,"R™+a,  “R™+a, "R™+.. . +a"*R'+a,"
Remark: The digit upper index value (presented in
parenthesis) corresponds to the number of modifications
that have been done during algorithm execution.

Let us prove that (B)," = (A),
Proof: The following munbers have been subtracted from
(B)g during algorithm execution:

At the first step: a,(R-S)R ™",
At the second step: (a,, + a, S)(R-3)R ™

Atthe ith step: (a,, +a,, ,S+... +a,3YR-SHR""!

Atthe mthstep: (a,+a,8' +... +a, 3" (R -3)
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Let us find the sum of the numbers that have been
subtracted at m steps

(a,R™ + (&, +a, YR **+ . . +{a,+a,8'+.. . +a,5" ")
R-5) =
=a,R"S5%+a, (R™-S"+... fa (R-3)=B-A
Thus, when the number (A); is interpreted as (B); the
value of number is increased by B—-A and then during
algorithm execution this difference is subtracted from (B);.
Example 1. Convert the number (1423). into numeric
notation with radix 8.

S=5R=8(R-9)=3

Note that all operations have been carried out in radix-8
arithmetic.

1423

3 1x3=3
1123

33 11x3=33
0573

e} 57x3=215
356

(1423), =(356),

Tt is clear that any fraction may be presented as
follows (A);=a, 3" '+a,S?+.. . ++a,5™. Toconvert
the number (A); into the positional notation with radix R,
it 15 necessary to interpret given number as another
number (F);=a,R'+a,R "+ ... +a,R™ presented in
positional notation with radix R, which digits a, i =1, 2, .
. ., m) are the same as corresponding digits of (A)s.
Therefore, the difference between (A) and (F); is

(A)g-Flp=a, (SR OH+.. .+
a,, (3 "' —R ™) +a,(S"-R")

Algorithm 2: Fraction number conversion

1. Find:
(Fip+a (S"ROR™"'=a “RY1+a YR+ .  +a__, Y
R™!4a,WR™

2. Find:
(F)R(l) +i{a 1(1) + amrl(l) RO(ST-RHR ™=
a“R'a, R+ .. +a _,, "R~ ™%a , PR -4 (UR™

m. Find:
Fr =Y+ (a_=V+a OR '+  4a BUIR™N(ST-RYH=
a,™R'a, "R 2+ . . +a-, (™R " =(F )"

Remark: The digit upper index value (presented in
parenthesis) corresponds to the number of modifications
that have been done during algorithm execution.

Let us prove that (F).'™ = (A),

Proof:
Let us prove that (F).'™ = (A

The following numbers have been added to (F),
during algorithm execution:

At the first step Ca (8T-RHR ™

Atthe secondstep : ((a_,.,+a,R t+a (8 R
(S —I_R-l) R_m+ 2_
= (8 +a, 5 (SRR ™74

At the ith step D (Bt 8 ST+ 42,8
(S 'I,R —1)R7m+1;

At the mth step {a +a,3"+... +a_ S®H{s"

R HR

Let us find the sum of the numbers that have been
added to (F)pat m steps:

a (SRR ™4 (a_., +a,S (S =RHR ™2+ .
ot .S+, +a  STYSRYR ™+ .
+{a,+a,3'+. . 4+a S" NS -RHR"=
=a,R"8H+a,R*-3H+.. . +a_, (R "85 ™h
+a-,(R™-8™) = A-F

Thus, when the number (A); is interpreted as (F)y the
value of number 13 decreased by A-F, and then during
algorithm execution this difference 1s added to (F);.

Example 2: Convert the number (0.0111), into numerical
system with radix 10.

§=2,R=10,83"'-R"'=(1/2-1/10)= 410

Note that all operations have been carried out in
decimal arithmetic. Digits are multiplied by numerator 4.
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0.0111
+

0.0004
0.0115
+

0.0060
0.0175
+

0.0700
0.0875
+

0.3500
0.4375
(0.0111), ={(0.4375),,

0.0001x4=0.0004

0.0015x4=0.0060

0.0175x4=0.0700

0.0875x4=0.3500

It 13 necessary to note, that if the common multiple of
S and R 1s R, then the proper digits of the number are
multiplied by the numerator of the difference (1/3-1/R) =
(a/R-1/R) = (a-1 ¥R. Otherwise instead of the difference
(1/3-1/R) it is necessary to use the nearest fraction b/R,
that will reduce the accuracy of conversion. However, if
b can be fractional it 1s possible to provide any required
aceuracy.

CONCLUSION

Suggested algorithm 1s the most efficient among
known ones because the conversion 1s carried out for

m-1 steps where m is the number of digits in the converted
number. The number of steps can vary from m-1 up to m
(m-1)2 and calculation on each step 1s limited to
multiplication of two one-digit numbers and subtraction
{(addition) of the product from the result received on the
previous step (in case of a variant of algorithm with
number of steps m(m-1)/2).
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