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Abstract: A new class of sets called p-generalized closed sets and B-generalized open sets in topological spaces and
its properties are studied. A subset A of a topological spaces (X, 1) is called B-generalized closed sets (briefly
Be-closed) if cl(int(cl{A))) contains U whenever A contains U and U 1s open in X. A new class of Pg-continuous
maps and Pe-irresolute maps 1 topological spaces and study some of its basic properties. In this study, we
mtroduce the notion of fig(0) convergence and Pg(6)-adherence 1n grill topological spaces and study some of

its basic properties and relations among them.
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INTRODUCTION

Generalized open sets play a very mmportant role n
general topology and they are now the research topics of
many topologists worldwide. Indeed a significant the main
general topology and real analysis concerns the variously
modified forms of continuity, separation axioms etc., by
utilizing generalized open sets and the 1dea of grills on a
topological space was first introduced by choquet. The
concept of grills has shown to be a powerful supporting
and useful tool like nets and filters for getting a deeper
msight mnto further studying some topological notions
such as proximity spaces, closure spaces and the
theory of compactifications and extension problems of
different kinds.

Throughout the present study, spaces X and Y
always mean topological spaces. Let X be a topological
space and Aa subset of X. For a subset A of a topological
space (X, 1), cl(A) and int(A) denote the closure of A and
the mterior of A respectively. In this study, we investigate
some more properties of this type of closed spaces.
Before entering to our research, we recall the following
definitions which are useful in the sequel.

Definition 1.1: A subset A of a topological space
3 Ty as:

¢ A pre open set (Sheik, 2000) if Ac int(cl(A)) and a
preclosed set if cl(int(A))c A

» A semiopen set (Levine, 1963) if Acel(int(A)) and a
semi closed set if mt(cl{A)cA

s+ A o-openset (Njastad, 1965) if Ac int(¢l(int(A))) and
a i-closed set if cl(int(cl(A))cA

* A semi-preopen set (Andrjevie, 1986) if Ac
cl(int(cl(A))) and a semi-preclosed set if
nt(el(mnt{A)))c A

»  Aregular open set (Stone, 1937) 1if A = mnt(cl(A)) and
a regular closed set if A= cl(int(A))

*  Apfgclosedset (Kannan and Nagaveni, 2012)
{ fi-generalized closed set) if cl(int(cl(A)))=U whenever
AcUand 1T is open in X

»  Researcher define thef-closureof A (Kamman and
Nagaveni, 2015) as follows:

Cl, (A)=|(F: FisPg - closedin X, A  F}

Bg (0)-convergence and Pg(0)-aderence

Definition 2.1: A grill g on a topological space (¥, 1) is
defined to be a collection of nonempty subsets of X such
that (Kannan and Nagaveni, 2012):

AcGand ACBCX—= BeG
And:
ABcXand AUBEG=AesGorBeG

Definition 2.2: (Kannan and Nagavem) If g is a grill (or
a filter) on a space (X, 1), then the section of g denoted by
sec g 1s given by:
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secg ={ACX:ANG # @, for all Ge g}

Definition 2.3: A grill g on a topological space (X, 1) s
said to be a:

*  Pg(0)adhere (briefly fg@a ) at xeX if for each
Uc Pgo(x)and each Ge gCl ()G # 0o

. Bg (6-converge (briefly fg (8yC ) to a point xeX if for
each Ue Pg0(x), there is some Geg such that
GCCL(U) (in thus case we shall also say that g
is Pg (0)-convergent to X

Remark 2.4: A grill g is fig (8)C to a point xeX if and enly
if g contains the collection {Cl (U): Usfg0(x)} .

Definition 2.5: A filter F on a space (3{ 1) is UspgOx)
said to g (034 x€X (g (0)C to xeX) if for each FeF and
each Uefgo, FnCl Uz (resp. to each there
corresponds Fel such that FCl (U=,

We note at this stage that unlike the case of filters,
the notion of fg @A of a grill is strictly stronger than
that of Bg (8)C . In fact, we have.

Theorem 2.6: [fa grill g on a space (X, T) fg (0)A at some
point x€X, then g is fg (6)C to x.

Proof: Let a grill g on (34 1), g 034 at xeX. Then for each
Ucgo (x) and each Geg, Tl (U)nG+#9 so that Cl, (Desecg
for each Ueggo@and hence X-C (UN£g. Then
(. Weg(as g is a grill and Xeg) for each Ue pgo(x).
Hence, g fg (8)C musttox.

Remark 2.7: Let X be a topological space. Then for any
xeX, we adopt the following notation:

g(Be(®),x)={A = X: x& Bg(6)el(A)}
secg (Bg(8),x)=[ACX:ANG # @, forall G € g(fg(®),x)}

In the next two theorems, we characterize the Bg (6)A
and Bg(eyc of grills in terms of the above notations.

Theorem 2.8: A grill g on a space (X, 1), pg(9)a toa
peint xeX if and only if g = o(Bg(0),x) -

Proof: A grill g ona space (X, 1). fg(®a atxeX

=Cl, (NG #gforal Ue Beo@Lx md dlGe g

= xe Be@c(g), forallGe g

—=Ge gPg@x).forallGeg

=g cg(Pe(0)x)

Conversely, let gcgfe@,w. Then for all Geg,
xefg@cle), so that for all Uefeoix and for all Geg,
QL (WNG#g. Hence, g is fig(8)A atx.

Theorem 2.9: A grill g on topelogical space (3, T) s g (0)C
to a point x of X if and only if g csecgBa(@),x) .

Proof: Let g be a grill on X, g ®)C toxeX. Then for each
Ueg0(), thereexists Geg such that G Cl (U) andhenoe O, (Ueg
for each Ue feoi) . Now, BesecgPe(B)x).

=X - Be g(Ba(6).x)
= x¢ fg(0)l(X -B)

— thereexists Ues BgO(X)suchthat
CIBg(U) M(X-B)=¢

= ClBg (U)Z BwhereU e SgO(x)

=BeG

Conversely, let if possible, g not a pge)c to x.
Then for some UegOx), Cl,Ues and hence
. WescgBe@®xy . Thus  for some AceBe®x),
A0l (U)=g . But AcgPa®).x)

= x & Bg(B)cl(A)

:>Clﬁg(U) MAZQ
which is a contradiction.

Theorem 2.10: A grill g on a topological space (X, 1),
Be@)C toa point x of (X, 1), if and only if secg@e@ x)cg.

Proof: Let g be a grill on a topological space (X, T), Be(6)C
toa point x€X. Then for each Uc fgorx) there exists Geg
such that G, (U) and hence Cl, (U)e G for each Now,
Besecgife(thx) = X/BegPe®).x) =xe0, U= there exists
Uc fg0(x) »>Be G suchthat CL (U)N(X/B=¢=Cl, (U)CB,
where Ue (@zom=Bea . Conversely, let if possible, g
not to Bg(B)A to x. Then for some Ue @g0().Cl, (eg
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and hence (1 _(U)esecg Pg@xy. Thus for some
Acg g @x,ANCL M=¢. But Aeg Pz @), ) =xe 4, (A)
:>CIEE(U)0U¢ Q.

Definition 2.11: A nonempty subset A of a topological
space X is called pg closed relative to X if for every cover
uof Aby Bg-open sets of X there exists a finite subset u,
of u such that AcU{Cl, (U):Ucu} If in addition, A = X
then X is called a Bg-Closed space -

Theorem 2.12: For a topological spaceX, the followimng
statements are equivalent:

X is Eg-closed

Every maximal filterbase pg®)c  to some point of X
Every filterbase Bg®) -adhere to some point of X
For every family {V.:acL} of Bg-closed sets that
~{Vi:ie}-o there exists a finite subset I; of T such
that ~{Intg (V):el}

Proof (a)=(b): LetF be a maximal filterbase on X. Suppose
that F does not pg-converge to any point of x. Since, T is
maximal, T does not Pg(®)-accumulate at any point of . For
each xeX, there exist F.eF and v,efgoctx) such that
Cl,(V)nE=¢. The family is {V,:xeX} a cover of X by
Pg-open sets of X. By (a), there exists a finite number of
PoINts X, X, Xs....%, of X such that X=U{Cl,_(V,):i=12, ...n}.
Since, F 1s a filter base on X, there exists F,€F such that
E cE:i=L2...n} Therefore, we obtain F, = ¢. This is a
contradiction.

(b)—*(c): Let F be any filterbase on X. Then, there exists
a maximal filterbase F, such that FcF,. By (b), F,
Be(6)-converges to some point x€X. For every FeF and
every VefgOXx) , there exists F.eF, such that
E cCl V), hence o#F nClL (V)cF. This shows that F
Pe(@raccumulates at x.

(b)—*(c): Let{V.: @€ 1} be any family of fg-closed subsets
of X such that n{V,:xeX}=9¢  Let I (I) do note the ideal of
all finite Pg-closed subsets of A. Assume N{lnt, (V,):oel}=0
that for every I€IT). Then, the family F={1,, It (V,):I= [0}

1s a filterbase on X By (¢), F fig(@3-accumulates at some point
xeX. Simce, {(X/V,:0eT} 13 a cover of ¥.xe X/V,, for some
V€L Therefore, we obtain X/v_, € Bg00¢x) , Int, (V. JeF and
QA (V)N (V, )= which is a contradiction.

(dy—*(a): Let {V.:a=l} be a cover of X bypg-open sets.
Then, {XV,:aeT} is a family of Pgdosed subset, so
3 such that M{XNV.:aeli=¢ By (d), there exists a
finite subset I, of 1 such that Mt (X/V):aclj=¢
hence X=U{cl (V,):a=L} This shows that X is fe-closed.
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Theorem 2.13: A topological space X is fg-closed if and
only if every grill on X is pg(6)-convergent in X.

Proof: Let g be any grill on a pg-closed space X. Then by
Theorem 2.6, sec g is a filter on X. Let Besec g, then
X/B#g and hence Beg (as g is a grill). Thus, secg=g.
Then by Theorem 2.6 (b), there exists an ultrafilter u on X
such that sec gcucg. Now as X is fg-closed in view of
Theorem 3.2, the ultrafilter uis Pg(@)-convergent to some
point xeX. Then for each Ue (Bg0X.x) , there exists Feu
such that FcClL (0. Consequently, Cl (Meucg, thatis
Cl,mMeg, for each UsfgoXx). Hemce, g is
Bei®)-convergent to x. Conversely, let every grill on X
be Bg(0)-convergent to some point of X. By virtue of
Theorem 3.2 1t 13 enough to show that every ultrafilter on
X is Pe(@)-convergent in X which is immediate from the fact
that an ultrafilter on X is also a grill on XL

Theorem 2.14: A topological space X is Pg-closed relative
to X1f and only if every gnll ? on X with Acg, to a pomt
nA.

Proof: Let A be fg-closed relative to X and g a grill on X
satisfying Acg such thatg does not Pg(8)-convergent to
any acA. Then to each acA, there corresponds some
U,ePzo(X.a) such that Cl, (U)eg. Now {U.:aea} is a
cover of Aby fg-open sets of X. Then, AcULCL (,)-U
(say) for some positive mteger n Since g is a grill, Uzsg;
hence A€g which is a contradiction.

Conversely, let A be not Bg-closed relative to X. Then
for some cover u={U,:acA}of A by pgopen sets of X,
F={A/U,, CL_(U,):1,isfinitesubsetof I} is a filter base on
X. Then, the family F can be extended to an ultra filter
F*on X. Then F* 1s a grill on X with A€F* (as each Fof I
is a subset of A). Now for each x€A, there must exists Pel
such that xeU as U 1s a cover of A. Then for any Gel™,
GMNA/CL (U)#0, so that GoCL (U, for all Geg. Hence,
F*, cannot pPg(@)-convergent to any point of A. The
contradiction proves the desired result.

CONCLUSION

By using generalized closed sets and topology, new
class of sets in topological spaces namely p-generalized
closed sets and p-generalized open sets have been
of their properties
investigated. Various functions, namely Bg-continuous
functions, almost contra fg-continuous functions in
topological spaces and also introduces a new spaces
like pg (0)-convergence and pg (G)-adherence in grill
topological spaces have been defined and ther
characteristics are investigated.

introduced and some are
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