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Abstract: In this study, an algebraic test 1s presented to test the stability two-dimensional linear tume mvariant
discrete system represented in the form of its characteristics equation. This characteristics equation is

converted into an equivalent one-dimensional equation and the test is applied. Tllustrative examples are

presented to show the sumplicity and application.
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INTRODUCTION

Stability of two-dimensional continuous systems
(Ooba and Funahashi, 2004) exists is providing a test for
a driving point impedance reliability condition using
commensurable delay transmission lines and lumped
reactance’s (Tury, 1 988). But stability of two-dimensional
digital systems occurs in their design situation. A
two-dimensional digital system (Mastorakis, 1998; Bistritz,
2001) arises in image processing and geophysics for
processing seismic, gravity as well as magnetic data
(Ahmed, 1980). There are many algebraic schemes are
available to test the stability of two-dimensional systems
(Agathoklis et al., 1993) each having its own application
and merits. In the present study, a sunple and direct
scheme (Bose and Jury, 1975; Tury et al., 1975; Jury, 1971)
1s proposed compared to the above methods.

LITERATURE SURVEY

Stability of two-Dimensional (2D} linear discrete-time
systems arises in many applications. It s required for the
design of digital filters and processing of image, seismic,
radar and other types of data in multimedia, geography
communication, medicine and more fields. The key for
testing stability of 2D discrete systems and subject of this
study is to determine whether a 2D polynomial has no
zeroes in the closed exterior of the unit bi-circle.
Conventional implementation has made use of the
two-dimensional convolution algorithms and more
recently of the two-dimensional fast fourier transform. The

primary problems are stability and synthesis n any
two-dimensional discrete time systems was 1dentified by
Shanks et el (1972). Huang (1972) clearly investigated the
stability of two-dimensional recursive filters in the
frequency domain and raised several conjunctures like
how to design filters that are guaranteed to be stable and
how to stabilize without changing the frequency response
of a given filter being unstable. Rajan and Reddy (1989)
addresses the procedure to test discrete scattering
Hurwitz polynomials which was outlined by employing
schurcohn matrix associated with the given polynomial.
Asymptotic stability of two-dimensional systems in the
state space representation was studied by Ooba and
Funahashi (2004) and the stability robustness of a stable
FM Model was defined by Lu (1993). Pee ef al. (1986) and
Bisiacco et al. (1985) presented a sufficient condition that
ensures BIBO stable two-dimensional filters admitting an
internally stable statement space realization.

Bistritz (2004) corroborated the testing of the
conditions by a 1D stability test leads to tubular 2D
stability tests with the term tubular reflects the lustoric
tradition to present 1D stability tests. A new algebraic
procedure that solves the problem of stability in a very
low count of arithmetic operations was given by Bistritz
(2001). Their new procedure profit on the advantages of
a recent immittance-type tabular 2D stability test
proposed and simplifies it into an even more efficient 2D
stability test. Mastorakis (1998) in his study had proposed
a new method for computing the stability margins. It
was based on a constramed optimization problem of
a real positive parameter. Agathoklis et al. (1993) and
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Antoniou et al. (1990) proved the frequency dependent
Lyapuinov equation that was used to obtain necessary
and sufficient Algebraic Stability Test which also revealed
that 2D stability test can be tested based on the location
of the Eigen values of constant matrices and not with the
positivity of one or more function. The algorithm for
two-dimensional discrete systems was proposed by
Kanellakis ef al. (1989) with its implementation based on
expanding the bilinear discrete reactance function into
z domain. Jury (1988) had introduced a procedure to
determine highly concumrent representation of linear
algorithms and this technique replaces matrix/vector
operations by sums of small size triple matrix product. He
also proved that for processing elements and closed loop
data circulation and both the characteristics increases the
flexibility and speed of the configuration. Jury and Bauver
(1988) in their study of testing, the BIBO stability
acclaimed that the 2D continuous system may become
unstable after applying a reactance transformation. It was
actually a contrast for 2D discrete case. Furthermore, they
proved that the DBT does not preserve stability in either
direction. Tt is known that transforming from the
continuous domain to the discrete domain might cause
stability problems and has shown that transforming from
the discrete to the continuous domain can also create
such problems. Goodman (1977), Karan and Srivastava
(1986) and Woods (1983) in their new stability test for 2D
filters had revealed that it was much simpler than the tests
hitherto described in the literature and it requires a smaller
nmumber of computations that with Marden’s table. Tt may
also extend up to multi dimensional filters. Inners of
square matrix was mtroduced by Jury (1971) and for the
necessary and sufficient conditions for the roots of real
polynomial to be distinet and on the real axis and distinct
and on the imaginary axis in the complex plane. Bose and
Jury (1975) posed about the test for positive definiteness
of an arbitrary form expressed in terms of an inner
algorithm for computational aspects. A new formulation
of the critical constramnts for stability that himits the A
matrix and its bi-alternate product was discussed by
Twry et al. (1975).

PROPOSED METHOD

The transfer function of a two-dimensional discrete
system can be written as (Mastorakis, 1998):

H(Z.Z,) = (1)

where, A and B non-cancellable polynomials in 7, and Z,.
This system is stable if and only if there are no values of
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7, and 7, such that B(Z,,Z,)=0and |Z,|<1 and |Z,|<1
{(or) equivalently, B(Z, 7Z;)#0 for |Z,] and |Z,|
simultaneously less than or equal to umty). The
necessary condition for stability is:

B(Z,,0)#0, |Z,]<1 (2)
Or:
B(0,Z,)=0, |2,/ <1 (3)
and the sufficient condition is:
B(Z,.Z,)20, |Z,|=1 |Z,|=1 (4
Or:
B(Z,.Z,)20, |Z,|<1, |Z,]=1 (5)

Tt can be observed that the testing of necessary
condition (Agathoklis ef al., 1993) is easy since 1t 15 a
one-dimensional equation while tests the sufficient
wvolves complex coefficients will arise m B(Z,, Z,)
polynomial. In general the following form can also be
chosen:

B(Z,, 7,)=T,(Z)Z;+ T(Z2)Z5" ...

The reciprocals of Z, and 7, are 1/z and 1l/z,,
respectively are utilized so that the Eq. 6 is rewritten as:

n n-1
of ()
Zl ZZ Zl ZZ Zl ZZ
Z'1
(7
again Hq. 7 is represented as:

=Fx)=0

M(Z.Z,) e &)
4L=17,=x

This F(x) = 0 1s one-dimensional equation and for
stability |x|<1. Then, F(x) can be analyzed by any
algebraic method for sufficient condition for stability. Let:
)

Fx)=ax"+a_x"+..+a =0

The necessary condition for stability |a,|<a, and the
sufficient is tested as follows: using the coefficients of
F(x) two triangular matrices 1s written:
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an anfl an*Z aﬂ
0 an an—Z
0 0 a
[t]=]0 0o 0 a 1o
aﬂ
an an—l an—Z aU
n-1 a’n*Z anfB 0
an—Z a’n—E an—4 0
[h = 0 (11)
0
. . 0
a, 0 0 0
Adding (t,) and (t,), a square matrix is formed:
[S] = [t1]+[t2] (12)

This square matrix S 1s said to be positive imner wise
when all the determinants with the center element(s) and
proceeding out wards up to the entire matrix are positive
(Jury, 1988). This 18 used for testing the sufficient
condition that |x |<1. For example for:

& & G Yo
(13)

The determinants (indicated by dashed lines) are:

. d,

L ]
c,C, G,
d, 4, d,
e, e, e,

+ IS

It can be observed that the first determinant 1s a
scalar if f(x) =0 is of even degree and is a 2x2 determinant
for odd degree of f{x) = 0. The proposed procedure is
applied for the following illustrative examples.
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Tlustraions 1: Let: B(Z,, 7,) = 1-0.757,-0.57,+0.37,7,=0
with 7, =0, B(Z,) =1-0.757, -0 and its reciprocal is Huang,

1972):
B[ 1 (14)
Vé

J =7,-075=0

1

Thus, |Z,]<1 which satisfies the necessary condition
for B(Z,. Z,) to leave roots outside unit circle. The
sufficiency test 1s carried out using the one dimensional
equivalent equation f(x) = O

FGO=x"-075x-05x+03=0
=x'-1252+03=0

(15)

The two triangular matrices along with their square
matrix are given as:

1 125 030
[t]=]0 1 -125 (16)
0 0 1
1 -125 030
[t,]=|-125 030 o0 a7
-030 0 0
And:
I( 2 2.5 0.6\‘=
1 et 1
s1=| | -125 (3] 125 |
! - i
'\ 03 0 1 J
(18)

The irmer determinants are written as: V, = 1.3>0 and
V, = 2(1.311.25(-2.5)40.3(2.541.25-0.78) = 0.1785. Since,
V>0, thus f(x) have all its two roots with |x|<1. Hence, the
original two-dimensional B(Z,, Z,) = 0 has both the roots

outside the unit circle. Thus, the system represented by
B(7,, 7,) = 0 1s stable.

Tlustrations 2: From Huang (1972), the two-dimensional
characteristic polynomial is written as:

B(Z,, Z,) = (1-095Z)-(0.95-0.52,)72,
Test for necessary condition:

B(Z,, 0)=1-0.95Z, =0 for |Z,|<1

In other words:
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8L o = 7,-0.95
Z’l

Thus, |Z,|<1 is assured for necessary condition for
stability.

Test for sufficiency: The two-dimensional polynomial is
converted into 1ts one-dimensional equivalent polynomial
inxas:

Fx)=x*-1.9x+0.5

Utilizing the concept of two-triangular matrices, their
square matrix is formed as:

2 -3.8 1
T
81=| 18 Ir_l-ii -19 (19)
L
0.5 0 1

From [S], the two inner determinants are: V, = 1.5=0
and V; = -1.36<0. Since, V; is negative, the equivalent
one-dimensional system is unstable this shows that the
two-dimensional discrete system is also unstable.

Tllustrations 3: Let the polynomial be (Rajan and Reddy,
1989):
B(Zl, Zz) = Zg +(Z1 + Z)Zz +47,-8

Test for necessary condition:

B(Z,, 0)=47,-8#0,

Z,|<1

Using the reciprocal:

It is found that |Z,|<1 which satisfies the necessary
condition. Test for sufficiency:

Fix) = 8x"-6x-2

The square matrix S 1s formed as:

16 12 4
)
=6 I R (20)
[
2 0 8

The two mmmer determinants are:

V, =6>0

V, = 16(48) + 6(-96)-2(72 + 24)
= 768-576-192
=768-768= 0

Since, V; = zero, the one-dimensional equivalent
system is unstable which ensures that the given

two-dimensional discrete system 15 also unstable

(not a very strict Hurwitz Polynomial).

Tllustrations 4: Tet the characteristic polynomial

representing an all pole second order two-dimensional
discrete filter be (Shanks et al., 1972):

B(Z,,Z,)=A,(Z)Z +A(Z)Z, + A (Z)

Where:

ANZ) = 0.297,2-0.752,40.5
A(Z) = -0722*4+187,-1.2
A(Z) = 0.62.7-1.52,+1

Test for necessary condition:

B(Z,, 0)= A (Z)=06Z[-1.5Z, +1= 0 for |Z,|<1
The reciprocal of B(Z,, 0) 1s:

B[ZlJ = Z}-15Z,+0.6=0 for |7, <1

1

From the two triangular matrices the square matrix:

2 -3 06
[S]=|-15 16 -15
06 0 1

From [S] the two inner determinants are formed:
V, = 1.650 and V, = 0348>0. Thus, the necessary
condition is satisfied.

Test for sufficiency: The one-dimensional equivalent
polynomial obtained for B(Z,, Z,) is:

Fix)=x"-2.7x" + 2.9x%-1.47x + 0.29

The square matrix obtained for F(x) is:
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2 5.4 58 294 058 2 -5.4 5.8 -2.94 0.5
2.7 r 39 4.17 3.19\ -1.47 27 | 39 417 3.15‘\| -1.47
1 et e 1 e e e s ]
| o () I e T
[s]= 29 | a7 | 120 | 27| 29 s1=|] 29 | -tar i 125 | 27 | 29
! ) T N P Ry
- | - -
1.47 k 0.29 0 1 Y, 2.7 1.47 iy 025 0 1 ) 2.7
0.29 0 1 0.25 0 0 H 1
N ) & -/

N

(22)

From [S] the imner determinants are evaluated:

V, = 1.2950, V, = 0.9728>0, V., = 0.0112>0. Since, all
the
condition is satisfied for stability. Thus, the original
found to be

inner determinants are positive sufficiency

two-dimensional discrete

stable.

system  1s

5: Consider the
dimensional discrete polynomial by Shanks et al
(1972):

TNustrations second order two-

B(Zla Zz) = Az(zq)zi AL+ AY(Z)

Where:

A(Z) = 02527-075Z+0.5
AfZ) = -0722+1.82,-1.2
AfZ) = 06Z,-1.52+1

Test for necessary condition:

B(Z,, 0)=A,(Z)=06Z{-1.5Z, +1# 0 for|Z,|<1

The reciprocal of B(Z,, 0) 1s:

1
B[J =71.52,+0.6
7,

1

The square matrix for the above polynomial S is same
as the previous example in which the necessary condition
for stability is satisfied.

Test for sufficiency: The one-dimensional equvalent
polynomial obtained for B(Z,, Z.,) is:

Fix)=x"-2.7x" +2.9x°-1.47x + 0.25

with the help of two triangular matrices the square matrix
is formed:

(23)

From [S], the inmer wise determinants are calculates

as V, =1.25>0, V, =-5.0540<0 and V, = 5.9291>0. Since

V,<0, 1t 18 inferred that the one-dimensional equivalent

system 1s unstable which indicates that the given
two-dimensional system 1s also unstable.

Tlustrations 6: The two-dimensional discrete polynomial
available by Tzafestas (1986) 1s used as:

B(Z.Z,)=AJ{Z)Z;+A,(Z)Z:+ A(Z)Z,+A(Z)

Where:

AfZ) = 010242072 +137+1.1
AZ) = -09Z-2.0Z*+1.52,+0.25
A(Z) = 1.727-085Z,+1.252,+0.10
AZ) = 02527 -0.40Z,+0.702,+1.0

Test for necessary condition:

B(Z,, 0)=-0.25Z;-0.40Z] +0.70Z, +1.0 % 0 for |Z,| <1

The reciprocal polynomial with simplification is:

1
B[ZJ =7} +0.72]-0.42-025 =0 for |Z,|<1

1

The two triangular matrices are formed as:

1 07 -04 -025
0 1 0.7 0.4
[t,]1= (24)
0 0 1 07
0 0 0 1
1 07 —0.40 —-0.25
0.7 0.4 —-0.25 0
It,]1= (25)
0.4 —0.25 0 0
-0.25 0 0 0

Their corresponding square matrix:
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2 04 08 05
07 {14 045 04
[8]= ! | (26)
04 |-025 1§ o7
et
025 0 0 1

The immer wise determinants are evaluated as
V, = 1.5125>0 and V, = 3.1222>=0. Since, V, and V, are
positive, the necessary condition for stability is satisfied.

Test for sufficiency: The one-dimensional equvalent
polynomial for B(Z,, 7,) in x:

Fx)= x®+1.4x°+1.1x" +1.5%° +1.6x* +1.1x + 0.1

Forming the two triangular matrices the square matrix

for F(x) 1s:
7a )

2 28 22 3 32 22 02
14 {21 29 27 26 1.7\ 11
1 N —
15 26 25 12 N 15 | 16
] = I -
B2 s | 16 |11 (T1) 14 w11 | s
I | e I i
16 Ll.l el 0 1 j 14 L1
L1\ 0l 0 0 0 1 4 14
Q1 0 0 0 0 0 y
(27)

The mmer wise determminants of [S] are evaluated:
V,=1.1>0, V,=0.3280>0, V, = -0.261 4<0, V, = 0.7471>0.
Since, V.<0, the equivalent
discrete system is unstable and hence the original
two-dimensional discrete is unstable.

Note that V; need not be evaluated since, V.<0 thus
minimizing the computations; the one-dimensional

one-dimensional

equivalent polynomial F(x) can directly be analyzed for
necessary and sufficient conditions. As per this from
Agathoklis et al. (1993), it is observed that F(1)=0, F(-1)<0
and 0.1<1. The second value shows unstable situation.
Hence, the test for sufficiency can be stopped, thus
minimizing further more computations

Tllustrations 7: For the given (Shanks et al., 1972):
B(Z,, Z,)=1-aZ -bZ +cZ 7,
It 1s proposed to make a choice of the values for a, b

and ¢ for marginal condition. The one-dimensional
equivalent discrete polynomial can be formed as:
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F(x) =x*-x(a+b)+c

with the help of two triangular matrices, the square matrix
is:

2 2ath) ¢
[

[s]= -(a+b)i l+c i-(a+b) (28)
N——

c 1

The mner wise determinates are written as:

V, = l+c
v, = LZ(a+b)2(c-1)J-[(c+l)(cz +2)}

If the value of V>0, then the given one dimensional
equivalent system 1s stable otherwise the system is not
stable. If the value of V;=0, then the given system is
stable otherwise is unstable. In V,, the value of c<1 which
indicates the given system is unstable.

CONCLUSION

From the illustrative examples, it is easily observed
that the proposed necessary and sufficient conditions are
sufficient enough to test the stability of Linear Time
Invariant Discrete Systems. The proposed test
procedures are direct and simple in application compare to
other methods given by Jury and Bauer (1988) and
Pee et al. (1986).
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